Abstract. We prove that any skew-symmetrizable cluster algebra is unistructural, which is a conjecture by Assem, Schiffler, and Shramchenko. As a corollary, we obtain that a cluster automorphism of a cluster algebra A(S) is just an automorphism of the ambient field F which restricts to a permutation of cluster variables of A(S).
The multiplicative group of any semifield P is torsion-free [7] , hence its group ring ZP is a domain. We take an ambient field F to be the field of rational functions in n independent variables with coefficients in ZP.
An integer matrix B n×n = (b ij ) is called skew-symmetrizable if there is a positive integer diagonal matrix S such that SB is skew-symmetric, where S is said to be a skew-symmetrizer of B.
Definition 2.1. A seed in F is a triplet (x, y, B) such that (i) x = {x 1 , . . . , x n } is a free generating set of F over ZP. We call x the cluster and x 1 , . . . , x n the cluster variables of (x, y, B).
(ii) y = {y 1 , · · · , y n } is a subset of P. We call y 1 , · · · , y n the coefficients of (x, y, B).
(iii) B = (b ij ) is a skew-symmetrizable matrix, called an exchange matrix.
Let (x, y, B) be a seed in F , one can associate binomials F 1 , · · · , F n defined by
F 1 , · · · , F n are called the exchange binomials of (x, y, B).
Definition 2.2. Let (x, y, B) be a seed in F , and F 1 , · · · , F n be the exchange polynomials of (x, y, B). Define the mutation of (x, y, B) in the direction k ∈ {1, · · · , n} as a new triple µ k (x, y, B) = (x ′ , y ′ , B ′ ) in F given by It can be seen that µ k (x, y, B) is also a seed and µ k (µ k (x, y, B)) = (x, y, B). Definition 2.3. A cluster pattern S is an assignment of a seed (x t , y t , B t ) to every vertex t of the n-regular tree T n , such that (
In the sequel, we always denote by x t = {x 1;t , · · · , x n;t }, y t = {y 1;t , · · · , y n;t } and B t = (b t ij ).
• Let S be a cluster pattern, the cluster algebra A(S) associated with S is the ZP-subalgebra of the field F generated by all cluster variables of S.
• If S is cluster pattern with the coefficients in T rop(y 1 , · · · , y m ), the corresponding cluster algebra A(S) is said to be a cluster algebra of geometric type.
• If S is cluster pattern with the coefficients in T rop(y 1 , · · · , y n ) and there exists a seed (x t0 , y t0 , B t0 ) such that y i;t0 = y i for i = 1, · · · , n, then the corresponding cluster algebra A(S) is called a cluster algebra with principal coefficients at t 0 .
Theorem 2.4. Let A(S) be a skew-symmetrizable cluster algebra with a seed (x t0 , y t0 , B t0 ). (ii) ( [11] , Positive Laurent phenomenon) Any cluster variable x i;t of A(S) is a NP-linear combination of Laurent monomials in x t0 .
Recall that the exchange graph EG(A(S)) of a cluster algebra A(S) is a graph satisfying that
• the set of vertices of EG(A(S)) is in bijection with the set of clusters of A(S);
• two vertices joined by an edge if and only if the corresponding two clusters differ by a single cluster variable.
For a cluster algebra A(S), we denote by X (S) the set of cluster variables of A(S).
Definition 2.5.
[1] A cluster algebra A(S) is unistructural if for any cluster algebra A(S ′ ),
implies that the two cluster algebras have the same set of clusters and EG(A(S)) = EG(A(S ′ )).
2.2.
The enough g-pairs property. Let A(S) be a cluster algebra with principal coefficients at
where e i is the i-th column vector of I n , and b j is the j-th column vector of B t0 , i, j = 1, 2, · · · , n. As shown in [10] every cluster variable x i;t of A(S) is homogeneous with respect to this Z n -grading.
The g-vector g(x i;t ) of a cluster variable x i;t is defined to be its degree with respect to the Z ngrading and we write g(
⊤ ∈ Z n . Let x t be a cluster of A(S), the matrix
Denote by
Clearly, any Laurent monomial x a t is also homogeneous with respect to the Z n -grading. The Let I be a subset of {1, · · · , n}. We say that (
Definition 2.7. Let A(S) be a skew-symmetrizable cluster algebra of rank n with initial seed at t 0 , and
(ii) We say that a cluster x t of A(S) is connected with x t0 by an I-sequence, if there exists a seed containing the cluster x t such that this seed is connected with a seed containing the cluster x t0 by an I-sequence.
Clearly, if the cluster x t is connected with x t0 by an I-sequence, then x i;t = x i;t0 for i / ∈ I.
Definition 2.8. Let A(S) be a skew-symmetrizable cluster algebra of rank n with principal coefficients at t 0 , and I be a subset of {1, · · · , n}.
(i) For two clusters x t , x t ′ of A(S), the pair (x t , x t ′ ) is called a g-pair along I, if it satisfies the following conditions:
• x t ′ is connected with x t0 by an I-sequence and • for any cluster monomial x v t in x t , there exists a cluster monomial x
(ii) A(S) is said to have the enough g-pairs property if for any subset I of {1, · · · , n} and any cluster x t of A(S), there exists a cluster x t ′ such that (x t , x t ′ ) is a g-pair along I.
Theorem 2.9.
[4] Any skew-symmetrizable cluster algebra A(S) with principal coefficients at t 0 has the enough g-pairs property.
2.3.
Compatibility degree on the set of cluster variables. Let A(S) be a skew-symmetrizable cluster algebra, and (x t0 , y t0 , B t0 ) be a seed of A(S). By the Laurent phenomenon, any cluster variable x of A(S) has the form of
, where V is a finite subset of Z n , 0 = c v ∈ ZP.
Let −d j be the minimal exponent of x j;t0 appearing in the expansion
. Then x has the form of
, where f ∈ ZP[x 1;t0 , · · · , x n;t0 ] with x j;t0 ∤ f for j = 1, · · · , n. The vector
is called the denominator vector (briefly, d-vector) of the cluster variable x with respect to x t0 . Let A(S) be a skew-symmetrizable cluster algebra, and X (S) be the set of cluster variables of A(S). In [4] , we proved that there exists a well-defined function d : X (S) × X (S) → Z ≥−1 , which is called the compatibility degree. For any two cluster variables x i;t and x j;t0 , the value of d(x j;t0 , x i;t ) is defined by the following steps:
• choose a cluster x t0 containing the cluster variable x j;t0 ;
• compute the d-vector of x i;t with respect to x t0 , say, d
t0 (
• d(x j;t0 , x i;t ) := d j , which is called the compatibility degree of x i;t with respect to x j;t0 .
Remark 2.10. [4]
The compatibility degree has the following properties:
(1) The value d(x j;t0 , x i;t ) does not depend on the choice of x t0 , thus the compatibility degree function is well-defined.
(2) d(x j;t0 , x i;t ) = −1 if and only if d(x i;t , x j;t0 ) = −1, and if and only if x j;t0 = x i;t ; (3) d(x j;t0 , x i;t ) = 0 if and only if d(x i;t , x j;t0 ) = 0, and if and only if x j;t0 = x i;t and there exists a cluster x t ′ containing both x j;t0 and x i;t ; (4) By (2), (3) and d(x j;t0 , x i;t ) ≥ −1, we know that d(x j;t0 , x i;t ) ≤ 0 if and only if d(x i;t , x j;t0 ) ≤ 0, if and only if there exists a cluster x t ′ containing both x j;t0 and x i;t .
(5) By (4), we know that d(x j;t0 , x i;t ) > 0 if and only if d(x i;t , x j;t0 ) > 0, if and only if there exists no cluster x t ′ containing both x j;t0 and x i;t .
We say that x i;t and x j;t0 are d-compatible if d(x j;t0 , x i;t ) ≤ 0, i.e., if there exists a cluster x t ′ containing both x j;t0 and x i;t . A subset M of A(S) is a d-compatible set if any two cluster variables in this set are d-compatible.
There is another type of compatible sets, which we call c-compatible sets. A subset M of A(S) is a c-compatible set if there exists a cluster x t ′ such that M ⊆ x t ′ . Roughly speaking, c-compatibility is just compatibility with respect to clusters.
Theorem 2.11. [4]
Let A(S) be a skew-symmetrizable cluster algebra, and X (S) be the set of cluster variables of A(S). Then (i) a subset M of X (S) is a d-compatible set if and only if it is a c-compatible set, i.e., M is a subset of some cluster of A(S).
(ii) a subset M of X (S) is a maximal d-compatible set if and only it is a maximal c-compatible set, i.e., M is a cluster of A(S).
Proof of Theorem 1.2
Lemma 3.1. Let A(S) be a skew-symmetrizable cluster algebra with principal coefficients at t 0 , then for any cluster variable x i;t and any initial cluster variable x k;t0 , there exists a cluster x t ′ containing x k;t0 and a Laurent monomial F appearing in the Laurent expansion of x i;t with respect to x t ′ such that the following statements hold.
(i) The exponent of x j;t ′ in F are nonnegative for any j = k.
(ii) (a) If the exponent of x k;t ′ in F is positive, then x i;t = x k;t ′ ; (b) If the exponent of x k;t ′ in F is zero, then x i;t ∈ x t ′ and x i;t = x k;t ′ ; (c) If x i;t / ∈ x t ′ , then the exponent of x k;t ′ in F is negative.
Proof. This lemma essentially due to Lemma [4, Lemma 5.2], but with different presentation. For the convenience of the readers, we give a complete proof for this lemma.
(i). Without loss of generality, we can assume that k = n. By Theorem 2.9, A(S) has the enough g-pairs property, so for the cluster x t and I = {1, · · · , n − 1}, there exists a cluster x t ′ such that (x t , x t ′ ) is a g-pair along I. Consider the Laurent expansion of x i;t with respect to x t ′ , by [4, Theorem] this expansion has the form of
where c v ≥ 0 and r satisfies g(x i;t ) = G t ′ r. Denote by g(x i;t ) = (g 1 , · · · , g n ) ⊤ and r = (r 1 , · · · , r n ) ⊤ .
We will show that F = x r t ′ satisfies the requirements in Lemma 3.1. Since (x t , x ′ t ) is a g-pair along I = {1, · · · , n − 1}, we know that for the cluster variable x i;t (as a cluster monomial in x t ), there exists a cluster monomial x
Because (x t , x ′ t ) is a g-pair along I = {1, · · · , n − 1}, we know that x t ′ is connected with x t0 by an I = {1, · · · , n − 1}-sequence, and the G-matrix of x t ′ has the form of
It is known that det(G(t ′ )) = det(G t ′ ) = ±1. Thus we get that
(ii). (a) and (b): If r n ≥ 0, then r ∈ N n , and x r t ′ is a cluster monomial in x t ′ having the same g-vector with the cluster variable x i;t . By Theorem 2.6, we get that x i;t = x r t ′ . Then by [4, Lemma 5.1], x i;t is a cluster variable in x t ′ . More precisely, if r n > 0, then x i;t = x n;t ′ . If r n = 0, then x i;t = x j;t ′ for some j = n.
(c) follows from (a) and (b).
The above lemma is about cluster algebras with principal coefficients, and we turn it into cluster algebras with general coefficients in the following proposition. Proposition 3.2. Let A(S) be a skew-symmetrizable cluster algebra, then for any two cluster variables x i;t and x k;t0 , there exists a cluster x t ′ containing x k;t0 and a Laurent monomial F appearing in the Laurent expansion of x i;t with respect to x t ′ such that the following statements hold.
Proof. Consider the cluster algebra A(S pr ) with principal coefficients at t 0 and having the same exchange matrix with A(S) at t 0 . Then Lemma 3.1 holds for A(S pr ), then the result follows from [10, Theorem 3.7] .
The proof of Theorem 1.2: Let A(S) and A(S ′ ) be two skew-symmetrizable cluster algebras having the same set of cluster variables, i.e., X (S) = X (S ′ ). We need to show that A(S) and A(S ′ ) have the same set of clusters and EG(A(S)) = EG(A(S ′ )).
We first show that x, z ∈ X (S) = X (S ′ ) are d-compatible in A(S) if and only if they are d-
Denote by x t = {x 1;t , · · · , x n;t } the cluster of A(S) at the vertex t ∈ T n and by z u = {z 1;u , · · · , z m;u } the cluster of A(S ′ ) at the vertex u ∈ T m . (Note that there is no need for us to assume that m = n.)
Let x, z ∈ X (S) = X (S ′ ) be two cluster variables, which are d-compatible in A(S ′ ). Assume by contradiction that x and z are not d-compatible in A(S), i.e., there exists no cluster x t of A(S) containing both x and z. For the cluster variables z and x, applying Proposition 3.2 for A(S), there exists a cluster x t ′ of A(S) containing x (say, x = x 1;t ′ ), such that in the Laurent expansion of z with respect to x t ′ , there exists a Laurent monomial F satisfying that the exponent of x j;t ′ in F are nonnegative for any j = 1 and the exponent of x = x 1;t ′ in F is negative (because there exists no cluster of A(S) containing both x and z, in particular, z / ∈ x t ′ ). We can assume that
x vi i;t ′ with v 1 > 0, v 2 , · · · , v n ≥ 0 and 0 = c ∈ NP for some semifield P. Thus the Laurent expansion of z with respect to x t ′ can be written as
whereF is a Laurent polynomial with positive coefficients.
Since x = x 1;t ′ and z are d-compatible in A(S ′ ), there exists a cluster z u of A(S ′ ) such that z u containing both x = x 1;t ′ and z. Without loss of generality, we can assume that x = x 1;t ′ = z 1;u and z = z 2;u . Consider the Laurent expansion of x i;t ′ with respect to z u ,
where g i is a polynomial in z 1;u , · · · , z m;u with positive coefficients and z l;u ∤ g i for any l. By Remark 2.10, and x i;t ′ = x 1;t ′ = x = z 1;u for any i = 2, · · · , n, we know that d 1i ≥ 0 for i = 2, · · · , n. So for each i = 2, · · · , n, there exists a Laurent monomial G i appearing in the expansion of x i;t with respect to z u such that the exponent of z 1;u = x is nonpositive in G i , i.e., x i;t has the form of
whereG i is a Laurent polynomial with positive coefficients, and a 1i ≥ 0, 0 = c i ∈ NP for some semifield P. Substituting x 1;t ′ = x = z 1;u and x i;t ′ = c i z
we obtain the Laurent expansion of z = z 2;u with respect to z u , which has the form of
where R can be written as R = r1(z1;u,··· ,zm;u) r2(z1;u,··· ,zm;u) with r 1 , r 2 ∈ NP[z 1;u , · · · , z m;u ] for some semifield P. Thus we get that
Note that there is a R-algebra homorphism ϕ :
So the equality (1) in RP(z 1;u , · · · , z m;u ) induces a equality in R(z 1;u , · · · , z m;u ) by the action of the homorphism ϕ. The following is the new equality. Since the exchange graph of a cluster is uniquely determined by the set of clusters, we know that EG(A(S)) = EG(A(S ′ )). This completes the proof.
Let A(S) be a cluster algebra with coefficients in ZP. A cluster automorphism of A(S) is a ZP-automorphism of the algebra A(S) mapping a cluster to a cluster and commuting with mutations. Corollary 3.3. Let A(S) be a skew-symmetrizable cluster algebra. Then f : A(S) → A(S) is a cluster automorphism if and only if f is an automorphism of the ambient field F which restricts to a permutation of the set of cluster variables.
